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Abstract 

In this paper, we give some sufficient conditions for the infinite collisions of 
independent simple random walks on a wedge comb with profile {/(n), n £ Z}. 
One interesting result is that if f(n) has a growth order as nlogn, then two 
independent simple random walks on the wedge comb will collide infinitely many 
times. Another is that if {/(n); n € Z} are given by i.i.d. non-negative random 
variables with finite mean, then for almost all wedge comb with such profile, 
three independent simple random walks on it will collide infinitely many times. 
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1 Introduction 

A simple random walk on a graph is defined as the Markov chain that a particle 
jumps from one vertex to a neighbor with equal probability. Let X = (X n ) and 
X' = (X' n ) be two independent simple random walks starting from the same vertex. 
We say that X and X' collide infinitely often if \{n : X n = X^}\ = oo. If X and 
X' almost surely collide infinitely often, then we say that the graph has the infinite 
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collision property. While if X and X' almost surely collide finitely many times, then 
we say that the graph has the finite collision property. Krishnapur and Peres [5J 
first finds the example Comb(Z) on which two simple random random walks almost 
surely collide finitely many times, while the expected number of collisions is infinite. 

However, there is no simple monotonicity property for the finite collision prop- 
erty, as exemplified by Z cComb(Z)c Z 2 . Both Z and Z 2 have the infinite collision 
property but Comb(Z) has the finite collision property. So, it is interesting to study- 
ing a subgraph of Comb(Z). 

Definition. Let / be a function from Z to HL + . It induces a wedge comb 
Comb(Z, /) = (V, E) which has the vertex set 

V = {(x, y) : x,y€Z, -f(x) <y< f(x)} 

and edge set {[(x, n), (x, m)] : \m — n\ = 1} U {[(x, 0), (y, 0)] : \x — y\ = 1}. 

Chen, Wei, and Zhang [3J shows that Comb(Z, /) has the infinite collision prop- 
erty when f(n) < n&. Recently, Barlow, Peres, Sousi pQ gives a sufficient condition 
(in terms of Green functions) for infinite collisions and shows that Comb(Z, /) has 
the infinite collision property when f(n) < n; while it has the finite collision prop- 
erty when f(x) = n a for each a > 1. Collisions on other graphes, such as random 
infinite cluster and random tree, can be seen in PQ[2]. In this paper, we focus only 
on the wedge combs with different profile f(n), and give a sufficient condition for a 
wedge comb which has the infinite collision property, i.e., 

Theorem 1.1 Let f(n) = 1 V max_ n <j<„ f(i). If 

oo ^ 

E77T = °°' ( L1 ) 
t^i /(") 

then two simple random walks on Comb(Z, f ) will collide infinitely many times with 
probability one. 

As an directly application of Theorem 11.11 one has 

Corollary 1.1 If f(—n) + f(n) = 0(nlogn), then two simple random walks on 
Combfli, f) will collide infinitely many times with probability one. 
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Corollary 11.11 improves the result of [3] and pQ. On the other hand, One can 
compare it with Theorem l4.H which says that for each /3 > 2, if f(x) = \x\ log^(|x| V 
1) then Comb(Z, /) has the finite collision property. But we guess that it should 
still have the finite collision property for 1 < /3 < 2. 

A natural question to ask is what happen if there are more than two independent 
simple random walks. Suppose that X is a simple random walk and X' , X" are two 
independent copies of X. We say that X, X' and X" collide together infinitely often 
if \{n : X n = X' n = X"}\ = oo. it shows in pQ that three independent simple random 
walks on Z will collide together infinitely many times; while on Comb(Z, a) they will 
do finitely many times for each a > 0. 

Theorem 1.2 Let {f(n);n £ Z} are independent and identically distributed random 
variables with law jjl supported in [0, oo). If fi has finite mean, then for almost all f 
three independent simple random walks on CombfZ, f ) will collide together infinitely 
many times with probability one. 

2 Proof of Theorem 11.11 

Let X = {X n } be a simple random walk on Comb(Z, /). Write 

X n = (U n ,V n ) 

for all n > 0. So that U is a random process on Z. For each k > 0, we set Tq = 
and inductively 

T k+l := inf{n > T k : U n ± U n ^}. (2.1) 

Then X n stays at the segment {(u,y) : \y\ < f(u)} when Ux k = u during time 
[Tk,T k+1 - 1]. Let 

W k = U Tk . 

It is easy to know such is a simple random walk on Z (by the strong Markov 

property). 



3 



For any a,i £ 1, we write a V b = max{a, b} and a A b = min{a, b}. For a set 
A, let |j4| be the number of elements of A. For each re G V, we write x\ for the first 
coordinate of x, X2 for the second. For each n, let 

V„ = {(si,x 2 ) GV: \x x \ <n}, 

and 

9 n = inf{m > : X m £ V n _i}. 

So, if Xo € V n _i then 6> ra is the hitting time of {(— n, 0), (n, 0)} (i.e., the boundary 
ofV n ) hyX. 

Let X' be another simple random walk on Comb(Z, /), independent of X. Define 
U' n ,Vn,W' k ,T' k ,0' n as well. For each pair u,v £ V, We write P" for the probability 
measure of a simple random walk X starting from u and write P"'" for the joint 
probability measure of the two independent simple random walks X and X' start- 
ing from u and v, respectively. We also write E" and 'E u ' v for the corresponding 
expectations. For each m > 0, set o"o = 0, and inductively 

cr m+ i := inf{n > a m : U n = U' n , U n / C/ n _i or U' n / U^}. 

Lemma 2.1 For any e > 0, there exist integers d and Nq, such that for all N > Nq 
and all u,v £ Yjy with u\ + U2 + v\ + V2 even, 

p n -" {<tn > e dN a e' dN ) < e. 

Proof. Fix e > 0. Suppose that N € N is large enough and that u,v G Vat. For 
each n > 0, set 

Set To = 0, and inductively 

r m = inf{n > r m _i : Z n / Z n _i}. 
By the strong Markov property, {Z Tm ,m > 0} is a simple random walk on Z and 

Z T0 = Ul - Vl e [-2N,2N]. (2.2) 



4 



If Z Tm = then 

U k = U' k , U k ^ U' k _ 1 , T m = 2k for some k £ Z + ; or 
U k+1 = U' k , U k ^ U' k , T m = 2k + 1 for some k £ Z + . 

Notice that U n + V n + U' n + is always even under the assumption that Uq + Vq + 
C/g + Vq = iti + U2 + v i + t>2 is even. This fact, together with U k+ \ = U' k ^ U k , 
implies that U k+ \ = U' k+l . For each M > 0, let 

aO,M) := \{m : Z Tm = 0,0 < m < M}\, 

the local time of by {Z Tm ,m > 0}. As a result of the previous argument, 

{£(0, M) > N} C {ajv < r M } C < T M A T^}. (2.3) 

By (9.11) on Page 39 of [7] and ([22]), there exists x £ N such that 

P^^xiV 2 ) < iV) < |. (2.4) 

On the other hand, by Theorem 2.13 on Page 21 of [7], we can find such d £N which 
satisfies the following inequality. 

P u ' v (T xN 2 > 9 dN or T' xN2 > 6' dN ) 
=P U ' V ( max iWfel > dN or max > dN) < -. 

\0<k<xN 2 0<k<xN 2 ) 2 

Together with (|2.3j) and (|2.2p . we can get the desired result. □ 

The above lemma shows that, with a small exception, the number of collisions 
is bounded by departures times 9 and 9' of U and U' linearly. 

Secondly, we estimate the probability of that there is at least one collision of X 
and X' once U and U' collide. For every m > 0, define 

v& m = {x n = x' n , \v n \ + \v;\ > \v am \ + \v;j 

for some a m < n < inf{/i > a m : Vh = or V' h = 0}}. 
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Notice that if X am = X' am then * m occurs. Moreover for every (u, 0), (u, v) £ V 
with v being even, if ^ m n {X am = (u,0),X' a = (u, v)} occurs then X enters the 
segment L = {(u,x) : 1 < x < f(u)} and collides with X' n at a height not less than 
v/2 after time a m but before one of them leaving L. Here, by height we mean the 
second component of a vertex x 6 V. We need these events in order to have good 
bounds as follows. 

Lemma 2.2 There exist positive numbers c\ and C2 such that for all (u, v) £ V with 
v being even, 

Cl < pM).(«.f)f^ n ) < C2 
M V 1 ~ V ' ~ \v\ VI' 

Proof. First let us examine the case that f(u) > 2v and v is even. For each x G Z, 
define 

t x = inf{n > : X n = (u, x)}. 

Define t' x similarly. If T2 V < tq and X' stay in [v/2,3v/2] before time T2„, then X 
and X' must collide before T2 V < to A Tq at a vertex whose height is greater than or 
equal to v/2. Therefore 

p( U ,0),M ( ^ o) >p(«,0),(«,,) = (U) 1); T ^ < ^2 A T / /2 v r /^ 2 > ^ 

= p(«,0) (Xi = (Uj 1))p («,l) < „2 j ^ < Tq ) p(«,«) v T ^ /2 > w 2) 

> Jp^ (T2, < W 2 , T 2 „ < To) P M ( V2 V T 3l;/ 2 > V 2 ) . (2.5) 

Once X enters into the segment L, by observation, the behavior of V, the second 
component of X, before V hitting 0, has the same law as a simple random walk on 
Zn [0, /(«)]. Let {r/j} be i.i.d. random variables with 

Pfa = 1) = Pfa = -1) = 1/2, 

and 

Tjj,, = inf jfc > : 1 + J2vi > 2u| , r = inf jfc > : 1 + Y,Vi < o| • 
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Then 

P (n,1) (t 2v < v 2 ,t 2v < T ) = P [t 2v < v 2 , r 2v < tq) • (2.6) 

Obviously, {f 2v < v 2 } and {t 2v < tq} are both increasing event. By the FKG 
inequality, 

P {t 2v < v 2 ,t 2v < %) > P{t 2v < v 2 )P(t 2v < T ). (2.7) 
By Lemma 3.1 of [TJ, 

P(t 2v < r ) = 7T- ( 2 - 8 ) 
2v 

By Theorem 2.13 of [7j again, there exists c\ > independently of u and v, such 
that 

P(r 2v < v 2 ) > c x and P^ (t v/2 V t 3v/2 > v 2 ) > c x . (2.9) 
Taking (|2.5p - (|2.9p together, we obtain the first inequality of the lemma. 

„2 

P("' '-("' C '($ ) > (2.10) 



Now we turn to proving the second inequality. Define 

OO 

n=0 

the number of collisions of X and X' before one of them leaving L. Then 

oo f(u) 

E (u,0),(u,v)( H j = J2Y1 P ( "' 0) ' M (K = V' n = X, 71 < T A Tq) 

77=0 X=l 

oo /(«) 

= E E P(U ' 0) (K = x, n < r )P^) (K = x, n < r ) 

77=0 X = l 
OO /(«) 

<2^^P ( "' 0) (X n = ( U ,x), n<To)P {u ' x \V n = v, n<To) 

n=0 a;=l 
oo 

<2j2? iu '°HV2n = v, 2n<r ) 

77=0 

_2£j(«,o)^ num ] :)er Q f visits to (u,v) by X before returning to (u,0) ). 
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In the previous arguments, the first inequality follows by the knowledge of reversible 
Markov chain that for all x E [1, f(u)] H Z 

P^(F n = x, n < t ) < 2Y^ x \V n = v, n < r ). 

By Theorem 9.7 of [7J, 

E M).(M(iJ) < 2. (2.11) 

The second inequality will follow once we show that there exists c 2 > independent 
of u, v such that 

E U ' V (H\V Q ) > c 2 v. (2.12) 
Since we condition on the event \&o, there is a collision at position x = (u,w) for 
some w with w > u/2. Conditioned on this event, the total number of collisions that 
happen in the set {(u,h) : h > v/3}, will be greater than the number of collisions 
that take place before the first time that one of the random walks exits this interval. 
The lower bound could be obtained by the following consideration. 

Consider two independent simple random walks in an interval, starting at v/2. 
Before hitting either v/3 or 2v/3, the average number of collisions is the number of 
average number of returning to the starting point before exiting the interval. The 
average number of returning to the starting point is exactly the Green function of a 
simple random walk, starting at v/2, before exiting the interval (v/3, 2v/3), which 
is of order v. 

By (|2TL) and (I2TT2I) . we have 

C 2 V 

This completes the proof of the case that f(u) > 2v and v is even. The proof can 
be modified to treat other cases and is omitted here. □ 

By Lemma \27L\ we can find d G N and JVoGN such that for all N > No and all 
u, v £ Vat with ui + u 2 + v\ + v 2 even, 

p u > v (<r N >e dN Ae' dN )<^. (2.i3) 
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Fix d through this section. To be concise, we set 

f(n) = 1 V max f{i). 

—n<i<n 

As a result, f(n) is a strictly positive and increasing function on Z + . 

Lemma 2.3 There exist Nq G N and c > 0, such that for all N > No and all 
u, v £ Yn with u\ + U2 + v i + V2 even, 

cN 

(X n = X' n for some n € [0, 9 dN A 0' dN )) > ' . 

f(dN) + iV 

Proof. Let 

N 

H = Yl V l^ml V 1 ) 1 *- 1 {^m<e dJV A^ JV }- 

m=l 

As a result of that, if H > then X and X' collide before they break out of Y d N- We 
shall use the second moment method to estimate the probability of the occurrence 
of {H > 0}. 

B U ' V (H) 

N 



= ]T e«" ((|KJ v \v; m \ V lli,.^^,) 

m=l 

N 

= £ E«.« (e^ ((|KJ V |<J V l)l* m l {CTm <^ A ^ } I X U X>,0 < i < a m )) 

m=l 

N 

= V u ' v {{\V am | V \V^J V 1)P«>" (* m | Aj, X' t ,0 <i<a m );a m < 9 dN A 0^) 



m=l 

N 



= ((|KJ V |<J V l)P*->^ (* ) ;a m < 9 dN A 9> dN ) 

m=l 

N 

> Y,V U > V { Cl -a m <9 dN A 



m=l 



>c 1 NP u ' v (a N <9 dN A9' d 



dN) 



>*N, 
- 2 ' 
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where the last inequality is by (|2.13|) ; the last three inequality is by Lemma 12.21 and 
the last equation is by the strong Markov property. Using Lemma [2.2l and the strong 
Markov property again, we have 



/ N N ^ 

~-E u ' v J^GKJ v \Vl m \ v l)l9 m l{a m <e dN Ae' m }^2(\Va n \ v \V^J V l)ly n l{a n <0 dN A6' dN } 



\m=l n=l 
' N \ 



{o- m <e dJV A6»^ JV } 



\m=l / 

/ N N 



+ 2E«'M£(|V ff JV|<JVl)l 

Ed^ivKiv 1 ) 1 

*, l 1 {<T„<e dJV A^ Ar } 

\m=l n>m , 

<2/(diV)E^ f £(|KJ V |^J V 1)1 



u dNl 

\m=l 



N N 

+ ^E^((|K m | V|<J Vl)l» m l {ff (|^JV|<JVl)l* n l {CT 

n<e dN A6'} 

m=l n>m 

N N 

=2f(dN)B^(H) + 2^5] E^((|F CTm | V |<J V l)l^l {(7m <^ A ^ } 

771=1 71>771 

X (KJ V |<J V l)P X -^«(* O )l {ffn<0(iJV A^}) 

Af AT 

<2/(diV)E«.«(J^ + 2c 2 £ £ E«-« ((|K m | V |<J V IJI^W^a^}) 

rra=l n>m 

<{2f(dN) + 2c 2 A r )E u ' t '(iJ). 

So that by the Holder inequality, 

pU , V(H >Q)> [E U ' V (H)} 2 > E U > V (H) > ciN 

- B U ' V [H 2 ] ~ 2f(dN) + 2c 2 N ~ 4f(dN) + 4c 2 n' 

Hence we have the result. □ 



Proof of Theorem \l.l{ We need only to prove the case that two independent simple 
random walks on Comb(Z, /) starting from the same vertex (0, 0). So, simply write 
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p _ p(0,o),(o,o)_ For each m > i ; define 

T m = {X n = X' n for some n G [0 d m A 6' dm ,6 dm +i A 6>^ m+1 )}. 
Notice that for all < n < 9 d m A 0' dm , 

x n , x' n G Vrfm . 

So, by the strong Markov property and Lemma 12.31 there exists c > such that for 
all m large enough 

P(T m | lT i; 1 < i < m, X n ,X' n , n < 6 d ™ A 6^ m ) 
=pXuX't(X n = X' n for some n G [O,0 d m+i A 6^ m+1 )) 

> 



7(d m+1 ) + d m+1 
where f = 6^ A 6^ m . We shall show later that implies 

°° jra 

Y ^-^ = oo. (2.14) 

If (|2.14p holds, then by the second Borel Cantelli Lemma (extend version, Page 237 

of H), 

P( T m infinitely often ) = 1. 

Furthermore, 

~P(X n = X' n infinitely often ) > P( T m infinitely often ) = 1. 

Now we prove that ()2.14j) holds. If f(d m ) < d m for infinitely many m, then 
(|2.14p holds obviously. Otherwise, there exists mo such that for all m > mo, 

f(d rn ) > d m . 

Hence to prove (|2.14p . we need only to prove 

00 jra 

V = oo. (2.15) 
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Set S m = d + d 2 + • • • + d m . Then 

d m < S m < d m+1 . 



As a result, 



So 



Sm + l 

I 

> 

z=s m +i 



- y J-. 



00 jm -,00 Jm+l n 1 00 

V^— >IV V J_>Iv J- = oo. 

Such we completed the proof of Theorem 11.11 □ 



3 Proof of Theorem Q 

Theorem 11.21 will follow once we show the following result. 
Theorem 3.1 If 

n 

i=— n 

f/ien i/iree independent simple random walks on Comb(L, f ) will collide together 
infinitely many times with probability one. 

Let X" be another independent simple random walk on Comb(Z, /). For each 
u,v,w G V, we write Y' u ' v ' w for the joint probability measure of the three independent 
simple random walks X, X' and X" starting from u, v and w, respectively. We write 
E u ' v ' w for the corresponding expectation. 

By the condition of Theorem 13. 1( there exists c > 2, such that for all n G Z + , 

n 

E 2 ) ™- 

i=—n 

We fix / and c which satisfy (|3.ip through this section. Since 

n 

[-n, n] x {0} n 1? C V n C J [-/(i), /(*)] x {*}, 
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one has 

2n < |V„| < cn. (3.2) 

For each x G V, let 

t x = inf{m > : X m = x}, 
the hitting time of x by X. Similarly, we have he following estimates. 

Lemma 3.1 For any c\ > 0, there exist d G N, c 2 G N and no G N such that, for 
all n> uq and all u, v G V n , 

P u (e dn < n 2 ) < ci, 

anrf 

P u (t v > c 2 n 2 ) < Cl , 

Proof. Suppose n G N is large enough and is fixed. Fix u, v G V n and c% G R. 
Assume further that < c\ < 1/5. 

The first statement is obvious. By Theorem 2.13 of [7], there exists d G N, d > 2 
and is independent of n and u, such that 

P u (0dn < n 2 ) <P U ( max \W k \ > dn) < c x . (3.3) 

\Q<k<rfl ) 

We now prove the second statement. By the strong Markov property, 

P"(r„ < (ca + c 4 )n 2 ) > P"(r a < c 2 n 2 )P S (r,, < T C3n2 , T C3n2 < c 4 n 2 ). 

To prove the second result, we need only to prove that there exist 02,03 G N and 
C4 > which are independent of n and u and satisfy (|3.4p - (|3.6p as follows. Here 
u = (u%,0) and is defined in (|2. 1 j) . 

V u (tu > c 2 n 2 ) < Cl ; (3.4) 

P>, > T C3n2 ) < ci; (3.5) 
P"(T C3n2 > c 4 n 2 ) < 3ci. (3.6) 
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Once we verify that (j3.4j) - (j3.6l) hold, then 

P u (t v < (c 2 + c 4 )n 2 ) > l-5ci. 



Now we prove (I3.4p - (|3.6p one by one. First, since u G V„, 

/(«.) < f ■ 

The process X starting from u stays at the segment {(ui,y) : |y| < f(ux)} before 
reaching u. So its behavior before reaching u is much like a simple random walk on 
Z. As a result of that, we can find such c 2 as the requirement of (|3,4p . 
Next, for each j;6Z and n 6 Z + , let 

= |{fe : W k = x,0 < k < n}\ 

the local time of x before time n by W . By Theorem 9.4 and (9.11) of [7], for any 
c*,C2 > there exist C3 G N independent of w and n but depending on c| and ci,, 
such that 

P 2 K(«i, c 3 n 2 ) > c* 2 n) > l-c\. (3.7) 
By a similar argument as Lemma 12.21 we can get 

P^'°)(X n = v for some n £ [0, T\)) > — 1 - > (3.8) 

4j(ui) + 1 4cn 

If we let c\ small enough and c?j large enough, then by (|3.7|) . (|3.8|) and a proof as 
Theorem II. 1\ we can find C3 for (j3.5f) . 
Finally, we estimate T n . Let 

£(n) = max((x,n). 

According to Theorem 9.14 and (10.6) of [7], there exists c\ > independent of n 
and n such that, 

P s (£(c 3 n 2 ) > c *n) < cj. (3.9) 

For each x£Z and k £ N, let 

= inf (I) : > inf{n : Z(x,n) = k}} - inf{n : £(x,n) = k}. 
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Hence Df is the time spent on the line segment {(x,y) : \y\ < f(x)} at the k-ih 
visit x by W. Obviously, {Df,k > 1} are independent and identically distributed. 
Moreover, 

E 5 (L>£) = E^ Xl '°\Df) < 2f(x) + 1. (3.10) 
Condition on Vo = 0, for all n there has 

T n <EE D k- (3-11) 

x&Z k=l 

By ([31]), (f3"7L0l) and rf3~T0|) . 

E S (T C3n 2;0 C3dn > c 3 n 2 ,£(c 3 n 2 ) < c\n) 

(£(x,c 3 n 2 ) 
Y, E ^ ^ C3n 2 ^( C3 n 2 ) < c^n 

xez fc=i 

£ Y^Dt- 9 C3dn > c 3 n 2 , £(c 3 n 2 ) < c\n 

x=—c^dn k=l 
c-jdn cjn c^dn 

< y Y, E ^^ c > E ( 2 /( a; ) + 1 ) 

x=—c^dn k=l x=—c^dn 

<2>c\c^cdn 2 
By the Markov inequality 

P M (T C3n 2 > 3ci 1 c*c 3 cdn 2 ;^ C3dn > c 3 n 2 ,£(c 3 n 2 ) < c\n) < c x . 
This, together with (I3.3D and (j3.9fl . verifies (I3.6p . We have completed the proof. □ 

By Lemma 13. 1\ we can find C2,d G N, such that there exists no G N, for all 
n > no and all u, x G V n , 

P u (t x > c 2 n 2 ) < 1 and P M (^ n < c 2 n 2 ) < 1. (3.12) 

Lemma 3.2 There exist C5 > and A^o G N, suc/t toai /or any integer N > iVo and 
allu,v,w G Vat unto (_i)*i+«fl = (_i)*i-Ha _ (_ijiox+«a } 

pw (X„ = X; = X;' for some n G [0, dJV A 9' dN A 0^v)) > r^V 
v log iv 
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P u ' v ' w {X n = X' n = X' r [ for some n < 9) > P™(tf > 0) > i ^-g- > 



Proof. Fix X € N. For conciseness, we write 

© = &dN A <4v A 0^ = inf {m > : {X m , X^, X'J 2 ^dN-i}- 
Then B is the first time that one of X* breaks out of YdN-i- Let 

2c 2 N 2 

H= ^ l{X n =X' n =X^Y N , 0>n}- 
n=0 

We need only to prove 

B U ' V ' W (H)>4 and E™(# 2 ) < c* 2 V u ' v ' w {H) log N. (3.13) 
Then by Holder inequality, 

I! • 

Now we prove f)3. 13j) . Let 

q n (u,x) = P u (X n = x,6 dN > n). 

Then q2n(x,x) is decreasing in n for every x G Vat (Refer to [1]). By the strong 
Markov property, for each u, x £ Yjy and C2N 2 < n < 2C2N 2 with u\+U2+xi+X2+n 
even 

P u (X n = x, 9 dN > n) =P u (X n = x,r x <n< 6 dN ) 

=B u (P x (X n _ k = x,9 dN > n)\ Tx=k -T x < n,6 dN > t x ) 
=E u {q n - Tx (x,x)]T x < n,9 dN > T x ) 
>q 2c2N 2(x,x)P u (T x < n,6 dN > t x ) 
>q 2c2N 2(x,x){P u (r x < c 2 N 2 )+P u (e dN > c 2 N 2 ) - l). 



By ([ffl]), 



As a result, 



P u (X n = x,9 dN > n) > -q 2c2 N 2 ( x , x )- 



2c 2 N 2 

B u,v, W{H) = P U ' V ' W (X n = X' n =X > > = x,&> n) 

x£V N n=0 
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2c 2 N 2 



= E E = > n ) pt, ( X « = x ' e dN > n)P w (X n = x,6 dN > n) 

> g E E [fe 2 7V2(^^)] 3 

x£Vjv C2N 2 <n<.2c2 N 2 u-L+U2+xi+X2+n even 

c 2 iV 2 



> 



> 



16 



c 2 iV 2 



16|V. 



E ^caiV 2 ^^) 



> 



C2 

16c 2 



Where the last inequality is by the Holder inequality. Using the Holder inequality 
and (|3.12p again, we have 

E l2c 2 N 2 {x,x) > E 1c2N 2 {x,y)q C2N 2{y,x) 



-4 E E fe 2 iV2(^,2/)] 2 
4|VdAr| xev N \yev dN J 



^2P x (X C2N 2=y,e dN >c 2 N 2 ) 



^ IVaH . 

> — r mm 

4|V dA r| zGVjv 

> 1 min [p*(9 dN>C2 N 2 )] 2 > ±- . 
2cd zeViv L J 4cd 



Take together, 



E U ' V ' W (H) > 



C-2 



1 



> 



C2 



16c 2 V 4cd7 - 2000c 5 d 3 



So we have gotten the first part of (|3,13p . 

Now we turn to the second moment, i.e., the second part of (|3.13p . Since that 
Comb(Z, /) is a graph with uniformly bounded degree, there exists c\ > 0, such that 
for all x, y G V 
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Hence, 



(X k = X' k = X%) = J; W^{X k = X' k = X'l = y) 



j/GV yGV 



By the inequality above and the strong Markov property, 
E u,v,w 

(2c 2 N 2 2c 2 N 2 
E E l {X n =X' n =X' 1 i=x,e>n} E E 1 {Xk=X' k =X%=y,e>k} 

(2c 2 N 2 2c 2 N 2 
E E 'rv.. x k x ,,->.,, E -v; - a;.':. 
n=0 xgVjv k>n 

2c 2 N 2 2c 2 N 2 

=E u, v , W(H) + 2 53 ^ J] PW (X n = < = = x, 6 > n, X fc = X£ = X£) 

?i=0 xgVjv fc>n 
2c 2 7V 2 2c 2 N 2 

=E u, v , W{H) + 2 53 53 53 pw (x n = x; = x;' = *, e > n) p*>*>* (x fe „ n = 4_„ = x£_ n ) 

n=0 x£V N k>n 
2c 2 N 2 2c 2 N 2 

<E^(H) + 2 53 53 P«w (X„ = X' n = K = *, 6 > n) 53 P*'*'* (X fc = X£ = X£) 

n=0 aiGVjv fc=l 
/ 2c 2 iV 2 

(fl) 1 + 2 max 53 (X* = X^ = X£) 

\ k=l 

( 2 ^f r r *)2 ' 

<E U ' V > W (H) 1 + 2 max V ^ 
\ fc=i 

< (1 + 2(cJ ) 2 log(2c 2 ) + A(cl) 2 log X) E U > V > W (H). 

Therefore, we have verified the second part of (|3.13p and finished the proof of the 
lemma. □ 



Proof of Theorem \3.1\ For each m > 1, define event 

T m = {X n = X' n = X" for some n £ [9 d m A 9 dm A 9 d , n ,9 dm +i A 0' dm+1 A 9^ m+1 )}. 
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Then by the strong Markov property and Lemma 13.21 for all m large enough 

P(T m |l Ti ,l<i<m, X n ,X' n ,X'^ n<Q d m) 

=p x u xl,x> t ' ^ =X ' n = X' r [ for some n £ [9 d m A 0' d m A 6^,0^+1 A 9' dm+1 A dm+ i)) 

>^^ = ^^, 
log d m m log d 

where t = 9 d m A 6' dm A Q" dm . By the second Borel Cantelli Lemma (extend version, 
Page 237 of @]), 

P( T m infinitely often ) = 1. 

Furthermore, 

P(X n = X' n = X" infinitely often ) > P( T m infinitely often ) = 1. 
Thus we completed the proof of Theorem 13.11 □ 

4 A Related Result 

Theorem 4.1 Let f(x) = \x\ log^x] V 1) for all x € Z. If (3 > 2, then the total 
number of collisions by two independent simple random walks on Comb(L, f ) is 
almost surely finite. 

The proof of the theorem is almost the same as the case f{x) = x a for a > 1 in [Ij. 
So we just outline the changes needed to run the proof. 

Lemma 4.1 Let f(x) = \x\ log^d^l V 1) for all x G Z. Let x = (k,h) G V. Then 
the transition density q satisfies: 

Qt(0,x)<— a — if i = n 3 log^n and n>k, 

n 2 log p n 

<7t(0, x) < — 3 — if t = n 3 log /3 n and n < k. 

k 2 log^ k 

Proof. Prove similarly as Lemma 5.1 of pQ. □ 
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Set Qk,h, where h < klog^ k, as follows: 

Qk,h = {(k,y) :0<y<h}. 

We set Z k h = Z(Qkf l ) to be the number of collisions of the two random walks in 
Qk,h- We also define Z = Z k 2 h/3 ~ ^fc,ft/3> i- e - the number of collisions that happen 
in the set {{k,y) : § < y < ^}. 

Lemma 4.2 B(Z k<h ) < ch/(k log 13 k); and E(Z k;h \Z k>h > 0) > ch. 
Proof. By Lemma [4~7Tl 

e (z »)=e E ^r< E E ^ 

t xeQ k ,h t<fc3 log/ 3 fc 1U & * t > fc 3 i og /3 fc y w 

c/i , f 00 1 , 

+ ch I - . n dt 







"Hog' 3 


fc 


ch 




fclog' 3 


fc 


ch 




A; log' 3 


fc 


c'/i 









r°° i 
+ c/l / , 41 wr dihHogPh) 
Jk h 4 log 2p h 

+ ch s — d/i + ch — dh 

Jk VlogPh Jk h 2 logP +1 h 



k log' k 

where n = g(t) is the inverse function of t = n 3 log' 3 n. The second inequality is 
proved similarly as Lemma 5.2 of pQ. □ 



Proof of Theorem \4-l\ By Lemma 14.21 

P(Z k ,h > 0) < 

k log p k 

Now summing over all k and over all h ranging over powers of 2 and satisfying 
h < k log^ k, we get that 

E E > ") < E ' og tb'° g t ~ < °°- sinc ^ >2 - 

k h power of 2 k ° 

Hence the total number of collisions is finite almost surely. □ 
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